Probabilities of monophyly, paraphyly, and polyphyly of two-species gene genealogies are computed for modest sample sizes and compared for two different Λ coalescent processes. Coalescent processes belonging to the Λ coalescent family admit asynchronous multiple mergers of active ancestral lineages.
processes, any number of active ancestral lineages can coalesce number models and predictions about genetic diversity, and
21
argue that large offspring number models may be appropriate for Ingvarsson (2010) proposes that large offspring number models 31 may be appropriate for forest trees.
32
We compute probabilities of monophyly, paraphyly, and that have coalesced more recently than the species divergence, and 40 using recursions for the ancestral population.
41
The simple techniques we employ can be applied to any 
Theory and results

59
One population
60
The two special cases of a Λ coalescent we will consider in which γ and ψ are constants. A simple case of a Λ coalescent 6 results when 0 < γ < 2, in which the coalescence rate is
8
Refer to the coalescent with rate (2) as the ψ-coalescent. 
The reason for the negative sign is that the q i terms are the ancestor.
32
A key quantity in our computations is the probability 
79
Considering three active lineages, one obtains
83
In a population with the Beta-coalescent. In a population with the
87 g 3,3,ψ (t) = e −t(ψ 3 +3(1−ψ)ψ 2 ) .
88
The quantities g 3,j,π (t) in (3) and (4) have similar form as those 89 obtained for the Kingman coalescent, have coalesced by time t decreases as α increases when t is fixed.
1
As α increases, however, the unit of time N α−1 increases also. As 
for any value of α ∈ (1, 2), and hence a merger of two active 17 lineages is always the most likely merger in a Beta-coalescent.
18
However, a path of only 2-mergers may not be the most likely path.
19 Table 1 reports the probability P 2 (π ) of a path consisting of only 20 2-mergers as a function of sample size and π , and shows that P 2 (π)
21
decreases quickly as a function of sample size. unresolved near the tips than towards the root of the tree. Table 2 28 also reveals that, in some cases, the vast majority of paths will have 29 low probability compared to the highest probability.
Table 1
The probability P 2 (π) a gene genealogy consists of only binary mergers, as a function of sample size n, and π . The parameter π stands for α when 1 < π < 2, and for ψ when 0 < π < 1. we denote the probability of monophyletic concordance (Fig. 1a) 36 between the species tree of species A and B, and the gene genealogy 
Table 2
The paths of A i (t) with the highest probability for the α-and ψ-coalescents. The parameter π stands for α when 1 < π < 2, and for ψ when 0 < π < 1. Sample size is denoted by i. By c ⋆ denote the sequence of mergers corresponding to the path with the highest probability. The % column denotes the fraction of sequences whose probability is < 1/1000 of the probability of c ⋆ . of the lineages from A and B, respectively. By τ we denote the time 1 of divergence. One can now express the probability P(n A , n B , τ ) of 2 reciprocal monophyly as
. τ of divergence, and is obtained recursively by 
with P(1, 1, 0) = 1, and
is the probability of a k merger given m active ancestral lineages.
18
The coefficient (Fig. 6b) .
37
Here we see that the probability of monophyly as a function The probability of monophyly measured in generations de-pends on N more strongly for smaller values of α, which is a result 48 of the probability depending on t/N α−1 rather than t/N (where t is 
59
One might be interested in knowing, for each process, the 60 effects of the coalescent parameter π on the time by which all In the bottom row, n A = n B = 40 with N = 10 5 (bottom left) and N = 10 4 (bottom right).
Table 3
Estimates of t lineages have coalesced with a 'high' probability. 
30 when the timescale is c N .
31
Let c A and c B denote the relative population size scaling , c B ) ).
coalescence rates (9) results in the probability g i,1,α (t) being small 
13
Polyphyly is the event {T ≤ T A }∩{T ≤ T B } (Fig. 1c, d ), which occurs 14 with probability
The probabilities P A and P B can be obtained recursively analogously
17
to Eqs. (6) and (7) with P replaced by P A (or P B ), with boundary
As expected, the probability of polyphyly increases with sample the value of ψ is low (Fig. 8b) , monophyly becomes most likely 28 for more ancient divergence times (in ψ-coalescence time units),
29
compared to populations with high value of ψ (Fig. 8c) . 
However, for multiple merger models, we show in Appendix C that 57 the sum of clade probabilities is strictly less than n − 2:
59
The result is due to the fact that multiple merger trees have fewer 60 clades, thus reducing the chances for many clades to occur in a has three lineages. The inequality (10) holds more generally than 7 just for the Λ-coalescents considered in this paper. In particular, it 8 just needs to be assumed that at least one multifurcating tree has 9 positive probability. 
16
The sum in (11) can be greater than 1.0 because not all clades total lineages are given in Table 4 under the point-mass coalescent
22
(with ψ = 0.1), Beta-coalescent with α = 
32
From Table 4 , it appears that for small numbers of lineages in 
41
The intuition behind these results is that multiple merger 42 coalescents will tend to put increased probability on larger clades, under the null hypothesis of a single unstructured population.
60
In most examples tried, as long as the number of lineages in 61 population B is greater than 1, then the probability of reciprocal 62 monophyly is slightly lower under multiple merger models than 63 under a Kingman model (Table 5 ; see also extending the recursion (7). In particular, the probability that the 11 k groups are each monophyletic is group is required to be monophyletic:
In principle, probabilities of monophyly for more than two groups 2008; Eldon, 2011). As Table 2 shows, the two processes are quite 7 different, with implications for inference. 
56
In the context of inference, it is helpful to keep in mind the 57 effects of paraphyly, polyphyly, and monophyly on patterns of 58 genetic diversity observed in the ancestral populations (Fig. 9) . If 59 the time of divergence was very recent, then polyphyly will be 60 frequent, and many sites will be either fixed or polymorphic in 61 both populations (Fig. 9c) . 
in which Λ is a finite measure on the unit interval (Pitman, 1999).
32
The rate at which k active lineages out of i coalesce, the coalescence 33 rate, will be denoted by
A.2. Enumerating the paths of A r (t)
35
One way to to compute g i,j,π (t) is by enumerating all the paths 
46
since the probability of a transition of A r (t) from i to j < i is q i,j / (−q i ). 
55
The probability g i,j,π (t) is now given by 
and right eigenvectors, respectively, corresponding to eigenvalue
For the right eigenvectors we have r
68
One confirms that, for sample size two, ℓ 
71
The probability g i,j (t) can now be computed as where the inequality is due to nonbinary trees having fewer than 1 n − 2 clades. 
21
The properties of the beta and gamma functions finally yield 
37
We can check when pp. 66-80.
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